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Abstract—This paper presents a technique whereby the 
overall nonlinear behavior of an electrostatically actuated and 
sensed MEMS is linearised for most of its usable range. The 
nonlinear characteristics are first analysed theoretically. This 
analysis reveals that the nonlinearity can be ‘neutralised’ by 
replacing the spring with a nonlinear - cubic stiffness - spring. 
Finding a feasible solution requires finding a compromise 
between a large number of geometric dimensions and 
constraints; this was achieved by making extensive use of 
MATLAB’s optimization toolbox. The device having optimal 
dimensions was manufactured using the SOIMUMPs process and 
lab measurements confirmed that the overall nonlinearity was 
practically eliminated for actuation voltages of 4 volts and 
upwards. 
Keywords— nonlinear MEMS, cubic stiffness, hardening 
spring, electrostatic nonlinearity 
I.  INTRODUCTION 
With MEMS and nanoscale structures, nonlinear behavior 
becomes inevitable. Generally, nonlinear behavior is 
considered detrimental as it reduces the operating range of the 
device. However, nonlinearities can also be harnessed such that 
the device performs some required nonlinear function. In 
literature, one can find numerous studies involving improved 
modelling of nonlinear MEMS devices [1], studies that make 
use of these nonlinearities [2, 3] and studies that focus on 
reducing nonlinearities to improve the linear region [4].  
 The next section details how process constraints affect the 
design decisions for the electrostatic demodulator topology. 
The subsequent two sections describe the mathematical model, 
the static nonlinear behavior and how redesigning of the 
springs reduce the overall nonlinearity. The last section 
presents a comparison between actual measurements and 
theoretical predictions. 
II. DESIGN OPTIONS 
A. Electrostatic Mixing – Actuation and Sensing 
The demodulator was designed within the SOIMUMPs 
process constraints. The SOIMUMPs process provides choice 
between two silicon layer heights, 10 µm & 25 µm. This layer 
is insulated from the substrate by an oxide layer. The 25 µm 
option was chosen such that all the capacitances designed have 
the largest vertical plates possible. 
Mixing or frequency shifting is achieved by applying the 
local oscillator (LO) voltage, vLO, and the radio frequency (RF) 
voltage, vRF, to the plates of a capacitor (CLR). The force 
generated is proportional to the voltage squared, which force is 
used to create a displacement with the required frequency 
components [5]. On the sensing side, a differential setup is 
adopted such that parasitics are minimized, hence, two 
capacitors are required - CS1 and CS2 - such that when the gap 
on one increases, the gap on the other decreases. 
The SOIMUMPs process does not offer the possibility to 
design two plates which are electrically isolated in the 
horizontal direction while being mechanically connected. Due 
to this, the RF plate is used for both actuation and sensing - 
Fig. 1. 
 
Fig. 1. Actuation and Differential Sense Capacitors. 
B. Topological Considerations 
For practically realistic intermediate frequency (IF), the 
inertia of the mechanical structure has to be kept as low as 
possible, the spring constant has to be maximised, all the while 
keeping sufficient capacitive area and displacement for both 
actuation and sensing. This requires that actuation and sensing 
gaps make use of the smallest available gap of 2 µm in 
SOIMUMPs which means that a smaller gap for the stoppers 
has to be used resulting in design rule violation. In the 
SOIMUMPs process, the 2 µm gap is usually used for the 
stopper and a 2.25 µm to 2.5 µm gap is used for actuation or 
sensing capacitors [6]. In this work, this problem is 
circumvented by adopting a rotational setup. With this setup, 
the actuation and sensing gaps can be kept at the minimum of 
2 µm while the stoppers’ gap is also at the minimum of 2 µm 
however the stoppers are positioned at a larger radial distance. 
This amplifies the movement such that the stoppers close the 
gap first. To make use of the smallest gap allowed of 2 µm, the 
process specification requires that the gaps are in the 
orthogonal direction. This implies that under rotation, the 
capacitive gap does not remain parallel. For this effect to be 
negligible (< 0.01% of nominal capacitance), the radius of the 
combs has to be greater than 600 µm [7] for a finger length of 
100 µm (the maximum length allowed for a 2 µm structure). 
Fig. 2 shows the adopted layout. 
 
Fig. 2. The stators and rotor with insets showing finger spacing 
III. MATHEMATICAL MODELLING 
For actuation, the structure makes use of two combs for the LO 
signal and these interact with the RF combs on the rotor. The 
number of fingers on each stator comb is N. Since the two LO 
stator combs are on opposite sides, the finger gaps are in such a 
way that one would be pulling and the other would be pushing 
the rotor to achieve rotation. As shown in Fig. 2 inset, there are 
two gaps that control the generated force - the force produced 
by the larger gap should ideally be negligible. The larger gap is 
a multiple of the smaller gap ‘g’ where the constraints on the 
multiplier ‘n’ are discussed next.  
A. Displacement Differential Sensing 
The sensing stator combs, S1 and S2, have N fingers each. 
There are two rotor-to-stator finger gaps (Fig. 2 inset) and these 
can be considered as two capacitors in parallel. The total 
capacitance in the S1 stator is given in (1): 
 (1) 
where, ε is the absolute permittivity of air, A is the finger 
overlap area, and x is the varying displacement and Cf the 
fringe capacitance. To achieve differential sense for the S2 
stator, ideally CS2(x) = CS1(–x). The function CS2(x) has a 
minimum at x = g(n–1)/2. It was required to have both CS1(x) & 
CS2(x) monotonic for the whole range of motion (0 < x < g/3) 
and this gave a lower limit on n of 5/3.  
B. Actuation 
The same setup as in Fig. 2 inset diagram was used for 
actuation. Hence the net force per finger ΔFf can be described 
with (2): 
        (2) 
where ΔV = vRF – vLO. Since the fingers are not at the same 
distance from the centre of the rotor, each finger gives a 
different torque contribution. The total torque, T, of the rotor 
can be expressed as a sum as in (3): 
    (3) 
where, c = 50 µm (half the finger length) and a = r - lcos α, 
are both constants (Fig. 3) and for an octagon α = 67.5°. Only 
bi is a function of the finger position, i, bi = l cosα (N-2i)/N. 
Equation (3) sums up to (4): 
T = 2NΔFf D    (4) 
where D = (a + c + l/2 cos α). 
Fig. 3. One side of the octagon showing the ith finger. 
Under static conditions, this torque is acting against the four 
clamped-clamped beam springs. Each beam has length 2r. The 
force generated at mid-span of each beam is T/4r. Equation (5) 
gives the deflection, x, at mid-span: 
 
 x = Tr2 / 96EI    (5) 
 
where E is the Young’s modulus and I = tw3/12, the second 
moment of area of the spring rectangular section, w the spring 
width and beam depth, t, is fixed by the SOI thickness at 25 
µm. From (5), the rotational deflection θ of the rotor would be: 
 
θ = T / (4kr2)    (6) 
 
where k = 192EI / (2r)3 is the transverse stiffness of each 
beam. A closed form expression for the inertia of the rotor, J, 
as a function of rotor dimensions was obtained using the 
parallel axis theorem and a summing technique similar to the 
one used in (3). It is not reproduced here due to space 
constraints. From this an estimate of the rotor resonant 
frequency, fr, can be obtained as given by (7): 
 
 fr = (1/2π)√(4kr2 / J)   (7) 
C. Using MATLAB’s Nonlinear Constrained Optimization 
Having this set of equations describing actuation, sensing and 
resonance made it possible to optimize for some required 
objective while at the same time respecting process and 
geometric constraints. This involved creating two scripts: one 
as a main script using MATLAB’s multistart function, the 
second containing the description of the constraints i.e. 
equations (1) to (7) and also the parameters that constrain the 
design. MATLAB’s multistart is a function that starts a 
simulation a number of times from different points in the 
search space and gives the optimal solutions reached from 
each starting point. The use of this function is instrumental in 
finding several sets of dimensions satisfying the constraints. 
 
Three parameters are used to constrain the problem, fr, xmax 
(pull-in) @ ΔV = 10 v and the change in capacitance at each 
sensor comb ΔCS. The solutions are then further studied for 
sensitivity and those solutions which are found to be highly 
sensitive to small changes (order of magnitude of the process 
tolerance) are discarded. The dimensions that were eventually 
selected and confirmed to be within 5% accuracy with finite 
element analysis (FEA) are listed in Table I. These gave  
fr = 25 kHz, xmax = g/3 @ ΔV = 12 v, and ΔCs1 = 200 fF 
(closing gap) with Cs = 1 pF for no displacement as in Fig. 4. 
TABLE I.  GEOMETRIC PARAMETERS ADOPTED IN SI UNITS 
n g l r w N A
3 2×10-6 458×10-6 598×10-6 10×10-6 71 2.25×10-9 
Fig. 4. The resulting Sensor capacitance for different Actuation voltages 
IV. NONLINEARITIES IN SENSING AND ACTUATION 
As is evident in Fig. 4, the capacitance for both sensing 
combs is nonlinear with voltage, especially on the closing gap 
side (CS1). On the widening gap sensor comb (CS2), for 
ΔV > 4 V, the relationship is approximately linear. This was 
investigated further. 
A. Nonlinear Contributions 
The equations that govern actuation to sensing are all 
nonlinear except (6) which is a linear relationship between 
torque and rotation. Fig. 5 breaks down the two composite 
functions CS1(x(ΔFf (ΔV ))) & CS2(x(ΔFf (ΔV ))). The reason 
for having a higher nonlinear behaviour for CS1 can be 
understood by observing that ΔFf (ΔV) has increasing positive 
gradient just like CS1(x) while CS2(x) has decreasing negative 
gradient for x > 0. 
 
Fig. 5: Breakdown of the composite functions 
B. Reducing the overall nonlinearity 
The spring stiffness function, x(ΔFf), was modified such that it 
acts to neutralise the steep gradient in the closing gap (CS1(x)). 
This was achieved by introducing a hardening spring i.e. a 
cubic stiffness term together with the linear term for the total 
torque provided by the four springs as in (8). 
T = kl θ + kc θ3   (8) 
where kl and kc are the linear and cubic stiffness coefficients 
respectively. For this to be achieved, redesign of the springs 
was required. MATLAB optimization was employed again, 
this time to find ratios of kl / kc that tone down the steep 
gradient of the closing gap while keeping adequate overall 
 
Fig. 6: Alternative spring layout provides both transverse and axial stiffness 
sensitivity. The objective is to minimise the second derivative 
of CS1(x) and CS2(x) and to maximise the first derivative of 
ΔCS1 and ΔCS2.The ratios for kl / kc have to be physically 
realizable and hence an alternative spring layout that provides 
cubic stiffness is employed as shown in Fig. 6. In this new 
layout, each cantilever spring of length q offers transverse 
stiffness kt = 12EI/q3 however this layout offers also axial 
stiffness as the spring is prone to elongation apart from 
bending. Hence, a component of axial stiffness ka = E(tw)/q 
contributes towards rotor rotation and the resulting total torque 
is as in (9); 
T = 4 (kt x + ka Δq γ) r   (9)  
where Δq is the spring elongation and γ is the angle subtended 
by the spring as shown in Fig. 7. 
 
Fig. 7: Cantilever spring geometry and parameters 
Replacing linear with rotational displacement and Δq with an 
approximation [8] of rθ (rθ/q)2/2 results in (10), 
 T = 4ktr2 θ + (2kar4/q2) θ3  (10) 
Optimal values obtained from MATLAB for kl and kc were 
fitted to (10) and these fixed actual spring dimensions that gave 
a better overall linearity for CS1(ΔV) with only a slight 
degradation on CS2(ΔV). In [8], an H shaped spring fixture was 
used to control the linear and cubic stiffness ratio, however, 
this was not needed here. Only dimensions for the spring were 
changed; dimensions related to the octagonal rotor were held 
the same. For the cantilever spring, w = 9 µm and q = 458 µm 
were selected. Fig. 8 shows the improvement. This was also 
confirmed with FEA. 
 
Fig. 8: Improved linearity by introducing a nonlinear spring 
V. MEASURMENTS AND EXPERIMENTAL RESULTS 
Figure 9 shows the manufactured device. On visual 
inspection, it was noticed that some critical parameters had 
considerable inaccuracies albeit within process tolerances. 
 
Fig. 9: Device Microphotograph 
The actual comb fingers were at 1.5 µm width rather than  
2 µm. This changed the gap, g, to 2.5 µm, and the resulting n 
was 2.6 (still > 5/3). Spring width w was also found smaller at 
8.4 µm. FEA simulations were carried out with these new 
parameters and sensing comb capacitances were measured for 
different actuation voltages. Fig. 10 shows the actual 
measurements when compared to the cubic and linear stiffness 
models.  
Capacitance measurements were performed with an LCR meter 
(Agilent E4980A) at 2 MHz with 256-point averaging. 
Attention was given to reduce parasitics as much as possible 
and measurements were repeatable to within 1 fF. The 
measured results are closer to the cubic stiffness model and 
hence more linear. To take advantage of the achieved linear 
range, it is planned that the RF signal is DC shifted to 6 V such 
that the device input-output relationship is effectively linear. 
 
Fig. 10: Actual measurments vs. Linear and Cubic Stiffness models 
With the actual dimensions, FEA simulation resulted in a 
resonant frequency of 20.4 kHz while experimental results 
yielded 20.7 kHz which is well within 5% of error. Pull-in 
occurred at a higher voltage of 13.78 V (due to a larger g). 
CONCLUSIONS 
The results show that it is in fact possible to neutralise 
nonlinear behavior using another nonlinearity. Although 
linearity was not achieved for the whole range of operation, the 
technique still provided a large enough linear range for 
practical application. The process of finding optimal 
parameters that satisfy linearity and sensitivity was sped up 
using MATLAB’s optimization toolbox. With this technique, 
FEA, which is much more computationally intensive, was only 
used at the very last step for confirmation. Moreover, although 
the actual demodulator dimensions differed from the original 
design dimensions, the cubic stiffness still managed to provide 
a large enough linear region. This is attributed to the fact that 
the optimal set of dimensions selected where tested for 
sensitivity to dimensional tolerances and the solution that was 
sent for manufacturing was one which was optimal for a 
‘broad’ range of dimensions.  
Currently, the device is undergoing tests to characterize the 
dynamics and its efficacy as a demodulator.   
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